Topology optimization of a waveguide-cavity structure in phononic crystals for designing narrow band filters under the given operating frequencies is presented in this paper. We show that it is possible to obtain an ultra-high-Q filter by only optimizing the cavity topology without introducing any other coupling medium. The optimized cavity with highly symmetric resonance can be utilized as the multi-channel filter, raising filter and T-splitter. In addition, most optimized high-Q filters have the Fano resonances near the resonant frequencies. Furthermore, our filter optimization based on the waveguide and cavity, and our simple illustration of a computational approach to wave control in phononic crystals can be extended and applied to design other acoustic devices or even opto-mechanical devices.
Introduction
As the acoustic or elastic analogue of photonic crystals (PtCs), phononic crystals (PnCs) [1] can be employed for controlling the wave propagation behaviors and opening novel routes for new types of highly effective acoustic or elastic wave devices. Due to the possibility of prohibiting wave propagation within certain frequency bands, PnCs combined with appropriate line or point defects can be utilized to generate the waveguides [2] [3] [4] [5] , cavities [6, 7] and filters [5, [8] [9] [10] , etc. Thanks to the potential to achieve a large quality (Q) factor and low-loss resonators in ultra-compact cavities, PnC devices are particularly suitable for a wide range of applications from the acoustic frequency communication to the medical ultrasound. In particular, wave filters in PnCs have become the compelling passive devices in wave signal processing systems. By introducing the waveguides and cavities, one can use the wave filters to manipulate the frequencies, improve the frequency selectivity (wavelength resolution), reduce the insertion loss, and decouple the high-Q resonator. In addition, acoustic wave filters can be extended to the frequency division multiplexing in acoustic systems and electro-acoustic transducer design. Inspired by the similar selection and transference property of PtC filters, several PnC filters have been demonstrated in different dimensions and systems. For one-dimensional (1D) PnCs, Zhang et al. [10] showed that the broadband wave filtering can be achieved in the PnCs with the hierarchical structure. Besides, the broad passband and narrow passband filters were realized by the impedance-mirroring [11] . And for the two-dimensional (2D) case, the tunable narrow passband filters [5, 8] and channel drop filters [9] were proposed by strategically placing defects in solid/water PnCs. By adjusting the geometrical and material parameters, the corresponding active filtering and coupling can be improved or tuned. However, the proposed interesting PnC filters so far have some shortcomings. The filters in Refs. [5, 8, 9] were designed in the water matrix, where the energy loss is larger than that in solid materials. In order to ensure the coupling, the defects usually involve inclusions of different materials [8] , which is a challenge for the fabrication and application. Besides, the significant deficiency is that the obtained filters have a relatively small Q factor. Since Q determines the resolution of the filtering operation, a large Q factor will greatly improve the overall performance for the application. Furthermore, a large Q factor will reduce the power threshold in acoustic devices. Hence, it is necessary to design high-Q solid PnC filters at given operating frequencies by using simple coupling structures.
To design the engineering structures with a high performance, topology optimization has been widely used in various fields. As a free-form design method, topology optimization offers more freedom and new routes to explore the beneficial structures. the last decade, with the help of the topology optimization, many high-performance structures and devices in PtCs [12, 13] , PnCs [14] [15] [16] [17] [18] and phoxonic crystals (PxCs) [19] have been successfully designed and proposed. In particular, compared with the handdesigned solutions, the topology optimized results can provide a broader guidance for applications. Fortunately, the rapid development of novel fabrication methods and 3D printing will be helpful to realize the optimized structures.
In view of the necessity of high-Q filters and the advantages of topology optimization, topology optimization of 2D PnC filters in a single solid material is presented in this paper. To this end, the finite element method (FEM) is applied to calculate the dispersion relations and wave transmission properties. The genetic algorithm (GA) [20] is used as the inverse method for the present singleobjective optimization. For incident shear horizontal (SH) or longitudinal (P) waves at different operating frequencies, various high-Q filters by only optimizing the cavity topologies are obtained. We also show the effect of the distance between the cavity and the waveguide on the optimization and performance of the optimized filters. Based on the optimized cavity, we demonstrate different novel applications in PnC devices. The present paper is organized as follows. First, the formulation of the topology optimization problem is described in Section 2. Then, the optimized structures and the discussions are presented in Sections 3 and 4. Finally, some conclusions will be drawn in Section 5.
Problem formulation
Drop filtering describes the transferring phenomenon of a wave propagating state from one continuum to the other. In this case, these states can interact through the coupling elements supporting localized resonances. So far, drop filters were realized in two different forms, namely, pure waveguides together with resonators [31, 32] and waveguides in a periodic composite material combined with cavities [33] [34] [35] [36] [37] [38] [39] . Most reported representative dropping filters in literature focused on the PtC waveguide-cavity systems [33] [34] [35] [36] [37] . The typical strategies for a complete transfer or dropping were demonstrated by creating resonant states with a suitable symmetry or enforcing an accidental degeneracy [33] [34] [35] [36] [37] . In 1998, Fan et al. proposed the channel drop filters composed of waveguides and cavities [34] . They achieved a nearly 100% drop efficiency and a Q factor exceeding 6000. Then, Qiu et al. presented a channel drop filter in 2D triangular PtC without inclusions of additional materials or extra small size, providing a more than 98% drop efficiency and a Q factor of 1500 [35] . Akahane et al. reported a design of the surface-emitting-type channel drop filters with a line waveguide and a donor-type defect in 2D PtC slab, offering a Q factor of 2900 [36] . Besides, the multi-channel drop filters with a nearly 100% drop efficiency were also presented by Takano et al. [37] . However, fewer works were focused on the drop filters based on PnCs [38, 39] . The corresponding drop efficiencies and Q factors can be increased by selectively varying the physical or the geometrical properties of the inclusions or scatterers. Rostami-Dogolsara et al. [39] demonstrated a high spectral selectivity with a Q factor as high as 20,000 with the significant reduction in the dropping efficiency. In this paper, we present a novel inverse design strategy based on the topology optimization to explore more simple and high-performance drop filters in PnC systems possessing a high drop efficiency while keeping a large Q factor. Figure 1 presents the schematic sketch of the optimization problem for a 2D PnC drop filter based on a waveguide and a single cavity. In order to trap and emit waves at a given frequency, the cavity is taken as the design domain for the topology optimization as shown in Fig. 1c . To reduce the computational effort, the cavity is assumed to have a square symmetry, i.e., invariant under the mirror reflection with respect to the x-z-plane and y-z-plane and under a 90°rotation around the z-axis. When the resonant frequency of the cavity matches the frequency of the incident wave along the waveguide, it is possible to transfer a part of the energy into the cavity and then reduce the output energy. In principle, a stronger coupling efficiency allows a better drop filtering. The fixed single line defect (W1) waveguide in Fig. 1a guides the incident P or SH waves emitted from the left port of the waveguide. The computational model in Fig. 1a is terminated with the nonreflecting boundaries. Figure 1b shows the dimensions of the unit-cell and the waveguide.
We assume that a plane time-harmonic elastic wave propagates in the structure. The equations of wave motion in the elastic solids are given as [21] C ijkl u k;lj þ qx
where i, j, k, l = 1, 2, 3; C ijkl represents the elasticity tensor; q declares the mass density; and u i denotes the displacement vector.
Here and throughout the paper, the common time-harmonic factor e ixt (where x is the circular frequency) is omitted for the sake of brevity.
To evaluate the transmitted energy across an interface, the instantaneous Poynting vector [21] is used, which is defined by
in which r ij is the components of the stress tensor. We compute the normalized transmission T of the filter along the x-direction defined as
where U in and U out are the lines in the waveguide shown in Fig. 1 , and P x is the component of the instantaneous Poynting vector along the x-axis. The time-harmonic displacement solution is denoted by U ¼ uðxÞe ixt . Then, for either in-plane (P) or out-of-plane (SH) waves, we can obtain the following system of linear algebraic equation from the FEM discretization of Eq. (1) as
where K is the stiffness matrix; M denotes the mass matrix; and f represents the incident time-harmonic force vector. The displacement, stress and velocity fields for different incident elastic waves are computed by using the commercial FEM software ABAQUS [18, 19] . To obtain the drop filtering at a given frequency for the concerned spectral range, the total displacement field in the area of R out in Fig. 1a must be minimized. The selection of the energy instead of the normalized transmitted displacements aims at increasing the objective sensitivity of the cavity and accelerating the optimization procedure. Otherwise, the topology optimization cannot find the evolution direction. Hence, the objective function for minimizing the averaged transmitted power in the outport R out of the waveguide is defined as:
Subject to : min
where E is the integrated energy intensity, S is the area of outport R out , and / represents the topological distribution within the cavity.
We characterize the design domain as a binary matrix, like in Ref. [19] . In Eq. (7), q i denotes the material density of the ith element (the cavity is meshed by N Â N elements) and declares the absence (0) or presence (1) of the solid. In particular, we introduce a geometrical constraint in Eq. (6) to overcome the typical meshdependence problem [22, 23] in the optimization and to make an easy fabrication of the optimized structure. It implies that the minimal width e of the solid connections appearing in the cavity should be larger than the prescribed limited value e ⁄ which is selected as a/30 in this paper. For more details on this constraint, we refer to the Refs. [19, 23] . It is necessary to guarantee the enough structural strength in practical manufacturing. Therefore, we use the simple geometrical constraint in Eq. (6) to satisfy the defined strength requirement. Naturally, the mesh-dependency problem can be suppressed [23] . In fact, the mesh-dependency problem is an intricate and immanent issue of the element-based topology optimization. Some techniques were reported to effectively deal with this problem [22] . However, for the topology optimization method based on the element-wise representation, it is not possible to completely avoid the mesh-dependency problem because the structural topology is directly related to the geometry and the density of the finite element mesh [40] . As a remedy, the mesh-independent point-wise density interpolation model [41] can effectively suppress the meshdependency phenomenon. For the complex optimization problems, it is necessary to utilize such models to overcome the meshdependency as much as possible. We use the single-objective genetic algorithm (GA) to solve the optimization problem described by Eqs. (5)- (7). As an evolutionary algorithm, GA applies the principles of natural evolution to optimize a given objective. In the GA optimization, different solutions to the problem represent different generated structures. In other words, a cavity with the solid-vacuum distribution is defined as an individual evolved in the optimization. The details of the optimization procedure can be stated as follows:
(1) Start with an initial random population which has a number of individuals. (2) For each structure, we use the ''abuttal entropy filter" method [23] to filter its topology to some extent. Some isolated elements are removed and some isolated voids are filled up to improve the structural strength. (3) Wave propagation in every PnC drop filter is simulated by ABAQUS. Then, the fitness function value based on Eqs. (5) and (6) is assigned to each individual.
(4) A set of operations, namely, the reproduction (selection), crossover and mutation operators, are performed for every individual to create a new offspring generation. For the reproduction, some individuals will be copied to breed a new generation according to the fitness. (5) The crossover operator is applied for the selected parent population. Exchanging the partial genes of the parent individuals will produce two new offspring individuals. (6) An adaptive mutation operator [18] is applied for every individual. Then, the final new population is generated. To accelerate the optimization procedure, the elitism strategy is adopted. The best individual in the current generation is copied from generation to generation. (7) If a fixed number of generations are completed, the final optimized filter and cavity are generated. Otherwise, return to step (2) . As this process evolves, better and better solutions can be found. More details on the above mentioned procedure can be found in our previous works [18, 23] .
Filter optimization and filtering properties
We consider a waveguide-cavity structure based on a squarelatticed porous PnC with the solid material of the mass density q = 2330 kg m À3 , Lamé's constant k = 85.502 GPa and shear modulus l = 72.835 GPa [16, 23] . For the objective function calculation, the commercial FEM software ABAQUS is applied. The used parameters of the GA are the population size N p = 20, the crossover probability P c = 0.9, and the mutate probability P m = 0.02. To achieve sufficiently smooth edges with a low computational cost, the two-step optimization technique is adopted. First, the design domain is meshed into 30 Â 30 pixels (elements). Through an evolution of 1000 generations the maximum of the fit becomes steady-state. Then, the near-optimal structure is mapped into 60 Â 60 pixels and used as the seed solution of the new run of the optimization procedure. After 2000 generations, the final optimized cavity is obtained. So the whole optimization procedure needs 60,000 objective function evaluations. All optimizations were accomplished in about 86 h on a Linux cluster with 16 cores of Intel Xeon E5-2660 at 2.20 GHz. Below we present some representative results to illustrate various interesting aspects of the solutions for the 2D PnC drop filter optimization problem. 
Out-of-plane SH wave filtering
Before presenting the obtained optimization results, we briefly discuss the band structure and the guided modes of the waveguide shown in Fig. 1b. Figures 2a and b show the results of the out-ofplane and the in-plane wave modes, respectively. Here the normalized frequency X = xa/2pc t is introduced for convenience, where c t is the transverse wave velocity. The relative bandgap widths of the two wave modes are 77.2% (0.346-0.781) and 44.4% (0.392-0.616), respectively. We can observe three modes existing in the bandgap for the out-of-plane and in-plane waves in Figs. 2a and b . Of course, one should use the single mode for the filter optimization. In fact, the variation of the slope can cause the group-velocity dispersion [24] . Therefore, it is usually desirable to operate where the slope is nearly constant for decreasing the losses and minimizing the distortion of the signal. However, to show the robustness and effectiveness of the present topology optimization design, we select different frequencies with the different velocities or modes to design the drop filter. The selected frequencies which will be used in the following optimization are marked in Fig. 2 by the hollow circles. For the frequencies of the in-plane waves, the modes are mainly dominated by the longitudinal vibrations in spite of the existence of the shear motions. It is noted that the five modes shown in Fig. 2 are either symmetric or antisymmetric.
We first show the optimization results for the incident SH wave at three different normalized frequencies 0.382547, 0.6263142 and 0.7126512 marked by three hollow circles in Fig. 2a . The minimal effective value of the eigen-frequency is about 1 Hz with its corresponding normalized value being 3.58 Â 10 À6 which is within the computational accuracy. Note that the minimal effective value of the normalized frequency in this paper is set as 3.58 Â 10 À6 . The corresponding optimized cavity topologies, the normalized transmission and the spatial distribution of the displacement field for the filter are shown in Fig. 3 . Overall, the transmission performance shows that the drop filtering properties are obtained for different frequencies as wished. After optimizations, the output energies are reduced to nearly zero at the target frequencies. The drop efficiencies are 99.5% [ Fig. 3a ], 97.8% [ Fig. 3b ] and 99.4% [ Fig. 3c ], respectively. The filtering performance at Rf = 0.382547 in Fig. 3a is shown in Fig. 3d . The wave couples into the cavity, preventing the wave propagation in the waveguide. Compared with the lower and upper frequencies, the optimization for the middle frequency in Fig. 3b can achieve a Q factor as large as 107,528. This verifies the fact that the slope at 0.6263142 in Fig. 2a is nearly constant. Therefore, the smaller energy loss results in the larger Q factor.
In addition, three different cavities are optimized at three different frequencies. We can find that the cavities in Figs. 3b and c have the similar geometrical feature, namely, central hole with four symmetric vacuum slots. This is attributed to the same guided modes (see Fig. 2a ) for these two frequencies, resulting in the similar coupling performance. Of course, this also proves the validity of our optimization results. Besides, we note that a certain bandwidth of the filtering appears around two resonant frequencies which are marked as R a and R b in Fig. 3c . Their corresponding displacement fields u z of the cavity are presented in Fig. 3e . By looking inside the cavity, two different vibrations can be found at R A and R B , respectively. However, both cavity resonances can drop the incident wave from the oblique direction. For the neighboring frequencies, the similar drop performance can be activated as well. Particularly, it is noteworthy that the asymmetric transmission is obtained for the optimized cavity as shown in Fig. 3b . Because most optimized filters with a large Q factor in this paper have asymmetric transmissions, this property will be discussed in details in Section 3.3.
To show the effect of the model size on the optimization, the optimization results for the smaller (19a Â 12.7a) and larger (23a Â 16.7a) filters are illustrated in Fig. 4 . The operating frequency of the incident SH wave is selected as the same as that in Fig. 3b . It is observed that two optimized cavities have the same topological feature as that in Fig. 3b . Moreover, the optimized cavity of the smaller filter is identical with that in Fig. 3b . We can find that the larger filter is able to obtain a larger Q factor. A smaller filter will result in a smaller Q factor. This can be easily understood by considering the fact that a larger model will reduce the energy loss. Besides, Fig. 4 demonstrates that the optimized filters with the size of 21a Â 14.7a used in this paper will keep a steady-state filtering property if we appropriately increase or decrease the size of the optimized structures. However, the change of the model size will result in a larger or a smaller Q factor.
As mentioned in Section 2, the target area R out is selected as 3a to accelerate and encourage the optimization. To explore its effect on the optimization, we replace the target area R out by 2a or 4a and present the corresponding optimized results in Fig. 5 . For comparison, the operating frequency is selected as the same as that in Fig. 3b . It is clear that a small target energy area 2a can hardly obtain the filtering property at the prescribed frequency. In contrast, the larger areas of 3a in Fig. 3b and 4a in Fig. 5 can effectively provide the ideal filtering properties. In fact, the optimized filter with R out = 4a has the same geometry as that in Fig. 3b . It should be remarked here that the energy flux over a too small R out is too sensitive to any slight change in the cavity topology, which may result in an evolution towards wrong directions. Therefore, a large R out is necessary to guide the algorithm to capture the right evolution direction. Thus, we generally suggest using a large outport area for the filter optimization.
In order to analyze the drop filtering of the optimized cavity in Fig. 3b , we examine the corresponding localized cavity modes whose intensity spectrum and displacement filed are plotted in Fig. 6a . The full width of the spectrum at the half maximum and the Q factor are about 1.362 Â 10 À6 and 459,848, respectively.
Clearly, the cavity mode has a high symmetry. The vibration mainly occurs in the middle region and the narrow connections between the vacuum holes. Figure 6b shows the filtering response and the vibration inside the cavity at the optimized frequency in Fig. 3b . It is seen that the cavity and the junction of the waveguide and the defect exhibit stronger vibration than other regions. When the incident wave propagates to the junction region, the cavity resonance will be excited by the vibrations of the narrow connections, resulting in the strong coupling. At the resonance, the defect has a symmetric vibration which is parallel to the waveguide. However, the strongest vibration is localized in the middle area. This is obviously distinct from the vibrations in Fig. 3e . Therefore, the discrepancy between these two systems in the Q factor should be attributed to the symmetry of the cavity mode and the degree of the vibration localization.
To investigate the influence of the distance H between the cavity and the waveguide, we perform the optimization for different values of H at the frequency of 0.6263142, see Fig. 7 . It is clear that the distance 2a provides an optimized filter with the highest Q factor. When the cavity is close to the waveguide, both the Q factor and the drop efficiency of the optimized structure will become lower. The optimized filter with H = a has nearly a 100% drop filtering over the entire spectrum, except at the resonant frequency. The inset in Fig. 7 shows the corresponding drop filtering. By comparing the responses in Figs. 7 and 6b, we can find that more energy in Fig. 7 is feeding back into the waveguide when the resonance is excited, leading to the decrease of the Q factor. However, the drop filtering will not even be optimized if the cavity is far from the waveguide, for instance in the case of H = 3a. Besides, the optimized cavities show that a larger distance H will yield a simpler structure in the optimization. This is due to the fact that for a small H the cavity can enhance the coupling with the waveguide and reduce the energy loss into the waveguide simultaneously, while for a large H the focus turns to perfectly match its resonant frequency with the target frequency.
Motivated by the above analysis, we move up or down the optimized cavity with H = 2a to demonstrate its robust filtering property, see Fig. 8 . Clearly, both structures with H = a and H = 3a can still exhibit a drop filtering. However, compared to the result with H = 2a, their filtering frequencies change with different degrees. The resonant frequencies for H = a and 3a are 0.626815 and 0.6262974, respectively. In particular, the frequency of the structure with H = 2a is 0.0027% larger than that with H = 3a whose Q factor is as large as 4,344,376. Combining the results for H = 3a in Figs. 7 and 8, the small difference of 0.0027% in the resonant frequencies demonstrates the accuracy of our optimized results. Indeed, the filter design is very sensitive to any small change of the target operating frequency. Besides, the filtering responses in Figs. 6b and 8 show that the better matched mode is responsible for a larger Q factor.
In-plane P wave filtering
We now consider the optimization of elastic wave filters for an incident P wave at three different frequencies of 0.394831, 0.5243017 and 0.6102969 marked by the hollow circles in Fig. 2b . The results are illustrated in Fig. 9 . Three optimized structures show a drop filtering property at the target frequencies. However, the structures are more complex than those for an incident SH wave as shown in Fig. 3 . This is due to the coupling between the longitudinal and the transverse wave modes. Compared with the frequencies near the lower and upper bandgap edges, the optimized structure for the frequency 0.5243017 has a better drop filtering capacity and a large Q factor of 123,381. Its filtering performance is shown in Fig. 9d . Like the results in Fig. 6 , the energy loss from the cavity determines the Q factor. The four exterior parts of the structure are simulated by the infinite elements (CINPE4 in ABAQUS/Standard) to prevent the reflection from the boundaries. A large vibration in the waveguide occurs in the narrow connections. Then, the cavity mode is excited to drop the energy into the cavity. Therefore, the optimized cavity mode is able to effectively filter the complex in-plane waves.
To further show the effect of the operating frequency on the optimized filters, we perform the optimization for the P wave with 1% increase or 1% decrease of the target frequency in Fig. 9b , see Figs. 10a and b. It can be concluded here that different frequencies Fig. 10 . Optimization results for the incident P wave at the normalized frequencies 0.5295448 (a) and 0.5190573 (b) which are 1% larger and 1% smaller than 0.5243017 in Fig. 9b , respectively. The two optimized cavities and Q factors are also shown.
lead to different cavities, and a higher frequency yields a larger Q factor. So, the optimized filters are very sensitive to the operating frequency. Using the topology optimization, it is able to obtain the simple optimized cavities and high-Q filters for even very close target frequencies.
To seek a simple filter for the incident P wave, we replace the based unit-cell in Fig. 9 by a local resonant structure whose geometrical parameters are displayed in Fig. 11 . The same distance H = 2a between the cavity and the waveguide is selected because this distance can yield a good performance for both SH and P waves. The width of the waveguide is 0.7a. Like the unit-cell, the optimized cavity in Fig. 11 has four solid lumps in the center, showing the possibility of the local vibration response. For the target frequency of 0.5976896 (point R in Fig. 11 ), the optimized filter can achieve an ultra-high Q factor of 1,562,581 and a high filtering efficiency of 86%.
To understand the excellent filtering feature in Fig. 11 , we present the intensity spectrum of the optimized cavity in Fig. 12 . We can observe a resonant peak at the same frequency as in the transmission spectrum shown in Fig. 11 . According to the vibration mode, most of the energy is localized in the end parts of the two solid blocks along the 45°direction. Obviously, this highly localized vibration contributes to the ultra-high Q factor of 6,949,943, as shown in Fig. 12 . The simple optimized cavity combined with the waveguide in Fig. 11 may have potential applications in various small integrated acoustic or elastic wave devices. Fig. 11 . Transmission spectrum of the optimized filter for the incident P wave using the changed unit-cell structure. The target optimization frequency is 0.5976895. The insets show the unit-cell structure, optimized cavity and spatial distribution of the amplitude of the displacement field u ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi u 2
x þ u 2 y q at the resonant frequency, respectively. Fig. 12 . Intensity spectrum of the wave transmission in the optimized cavity in Fig. 11 . The insets show the spatial distribution of the amplitude of the displacement field
of the cavity at the resonant frequency.
After the optimized cavity is obtained, we examine the effect of the distance H on the filtering property. When the cavity is moved up (H = 0 or a), the filtering property at a different frequency is induced. The corresponding resonant filtering frequencies and Q factors are shown in Fig. 13a . The closer the cavity moves to the waveguide, the larger the frequency offset is, because some cavity modes are more easily to be excited by the waveguide. For example, the structure with H = a has two resonant frequencies while keeping a low-Q narrow drop filtering. In contrast, if the cavity is far from the waveguide (e.g., H = 3a), the narrow connections cannot vibrate, preventing the energy flowing into the circular lumps near the cavity. For three resonant frequencies Rf 0 , Rf a1 and Rf a2 in Fig. 13a , we illustrate their responses inside the cavity in Fig. 13b . According to the degrees of the localization, it is easy to predict that Rf 0 should lead to a larger Q factor and a higher filtering efficiency. Similar to the mode in Fig. 12 , the vibrations at the three frequencies are mainly localized on the four solid blocks in the center, but show different symmetries: symmetry for Rf o , asymmetry for Rf a1 and antisymmetry for Rf a2 . Like the structures in Fig. 8 , the optimized filter in Fig. 13 can keep a certain extent of the filtering property. So, the different filtering properties in Figs. 3, 7, 8, 9 and 13 imply that the topology optimization is powerful to design wave filters under considerations of given operating frequencies, given cavity locations and/or given symmetries. This idea can be extended to realize the mode conversion [25] through the combination of the PnC cavity and the waveguide by using topology optimization in the future. 
Fano resonance of filters
As shown in Figs. 11-13 , the used local resonant unit-cell (Fig. 11) is more feasible to yield more highly localized cavity modes than the unit-cell in Fig. 1 . In general, a better wave localization will lead to a lower energy loss when filtering happens. To further confirm this advantage, we perform the optimization with H = 2a for the incident SH wave based on the local resonant unit-cell as shown in Fig. 11. Figure 14a displays the normalized transmission of the optimized filter, the optimized cavity and the wave responses at three representative frequencies (A, B and C) . The filtering property at the target frequency is achieved by the optimized filter. A drop efficiency of 92% and a Q factor of 218,442 are obtained. It is clear that, in spite of the lower drop efficiency, the filter in Fig. 14a shows a better performance in the Q factor than that in Fig. 3b . Although we cannot prove exactly that the local resonant unit-cell is better for filtering, we can suggest that varying the based unit-cell may be helpful in the pursuit of a large Q factor.
Like the results in Figs. 3, 7 , 8, 9, 11 and 13, the spectrum in Fig. 14a shows a sharp asymmetrical line shape near the optimized resonant frequency. Here, we try to give an explanation to this unusual property. As in the case for the incident SH wave, we present the responses at the three marked frequencies A, B and C in Fig. 14a . At the frequency without a filtering (point A), most energy is transferred into the outport from the inport. In this case, the cavity vibrates slightly because of the weak coupling. However, by comparing the responses at the points B and C, we can observe that the cavity modes are excited and most energy is flowing into the cavity. In addition, the area between the waveguide and the cavity provokes an apparent wave scattering. In other words, the energy of the resonant state lies in the energy range of the background states. And the background scattering amplitude varies slowly with the energy near the resonant energy [26] . However, the resonant scattering amplitude changes quickly in both magnitude and phase. As a result, the asymmetrical line shape is induced near the resonant frequency. As for the incident P wave, we illustrate in Fig. 14b the responses at the two marked frequencies F 0 and F R in Fig. 13a . The enlarged view of the vibration inside the cavity at F R is shown in the bottom of Fig. 14b . Compared with F 0 , the cavity at F R exhibits stronger vibrations. The enlarged pictures show that they mainly vibrate at the two solid blocks along different directions. Unlike the transmission at F 0 , the high transmission at F R is appreciably affected by the resonant cavity mode. Therefore, the interference between the background and the resonant scattering gives rise to the asymmetrical line shape. The corresponding resonant scattering phenomenon belongs to the classical Fano resonance [26] [27] [28] . This important wave phenomenon plays an important role in nonlinear wave systems, enhanced transmissions, wave switches and sensitive probes, etc. According to all Fano resonance properties of our optimized filters, we can conclude that the topology optimization is a convenient tool in designing wave filters possessing not only large Q factors but also apparent Fano resonances.
Potential applications based on the optimized filters

Multi-wavelength filter
In view of the promising applications of high-Q wave cavities and filters in PnCs, we will show how to extend the above optimized cavities of wave drop filters to other possible wave devices in this section. As shown in Figs. 3b and 14a , we obtain the optimized filtering property at two different frequencies of 0.6263142 and 0.5979998, respectively. So, we combine these two filters and construct a hetero-structure as shown in Fig. 15 . We consider an elastic SH wave incident from the left port (L) and right port (R) of the waveguide, respectively. It can be found here that the combined device exhibits a drop filtering at the two resonant frequencies. This important characteristic can be utilized for processing wave signals in a complex PnC system. Of course, this simple combination can be extended to filtering elastic waves of several different wavelengths or frequencies through the combination of multiple optimized filters. Besides, the combined device has the Fano resonance near the resonant frequencies as well. Since two different waveguides are connected, we argue that the difference between the two types of the transmissions with the wave incident from L or R is attributed to the reflection at the hetero-interface. On one hand, the combined device in Fig. 15 shows the possibility of operating more than one wavelength while keeping the high resolution. Furthermore, the hetero-structure shows a more flexible tunability with respect to the wavelengths. On the other hand, in contrast to changing the cavity size and the waveguide parameters, combining multiple optimized filters is easier to achieve a steady performance such as a consistent Q factor and an unitary drop efficiency.
Raising filter
Since the device characteristics are sensitive to any geometrical changes of the cavity, the optimized cavities with highly symmetrical modes provide a good platform for filtering elastic waves in other forms. We consider several waveguide-cavity-waveguide filters as shown in Fig. 16 . The cavity in Fig. 16a , adopted from the optimized filter in Fig. 3b , is adjacent to two waveguides. Figure 16b illustrates another combination of waveguides and cavities. By changing the parameters D and W, we present the transmission spectra of the filters and the vibration responses at the representative resonant frequencies. It is remarkable in Fig. 16a that the transmission property changes dramatically with the distance D. When the optimized defect cavity is very close to the waveguide (e.g., D = a), no filtering property at any frequency can be found. If D becomes larger, the transmission spectrum gets narrower, resulting in a better filtering resolution. The sharp peak implies that the device acts as a raising filter. Obviously, the incident wave at the resonant frequency is less reflected than at other frequencies. For D = 3a and D = 4a, their resonant frequencies 0.6262981 and 0.6262959 are nearly the same as those with H = 3a in Fig. 8 . The high performance of the Q factor (60655.1) and the raising efficiency (93.9%) demonstrates the versatility of the optimized cavity in Fig. 3b . For the cases with two cavities in Fig. 16b , it is possible to obtain the two resonant peaks at different frequencies. For D = 2a and W = 4a, the filter has a resonant frequency of 0.6263067. Its Q factor and filtering efficiency are 5301.4 and 81.6%, respectively. The incident wave is coupled into the upper cavity. Then, the upper cavity excites the lower cavity mode. As a result, the most energy is transferred from the upper waveguide into the lower one, see the vibration response in Fig. 16b . Here, different values of D and W lead to different waveguide-cavity and cavity-cavity coupling efficiencies. These variations create the different dual-wavelength filters. Moreover, according to possible large variations of the frequencies and filtering performances, the combined filters based on our optimized cavities propose a new way to realize dual-wavelength filters. We can also introduce more optimized cavities and achieve multiple wavelength operations. The devices presented in Figs. 15 and 16b show some remarkable advantages of the topology optimization in a multichannel filter, i.e., a small structural size for multiple-wavelength filtering and a large Q factor for large hetero-PnCs.
T-splitter
More interestingly, the highly symmetrical cavity mode in Fig. 6 can be used to design a T-splitter. As a key component of a wave processing system, this waveguide device can divide the input energy equally into two output waveguides. Since the phononic bandgap can eliminate the radiation loss, we introduce the optimized cavity to reduce the reflection, see Fig. 17 . Compared with the structure without a cavity, the present T-splitter with the cavity can achieve totally a 80% transmission (40% in each branch) in the frequency range from 0.6304111 to 0.6365598. The cavity successfully increases the wave transmission through the symmetrical cavity mode. Of course, a smaller Q factor of the cavity means a high wave transmission over a desired frequency range. However, the present T-splitter does not have a broad bandwidth. In principle, in a waveguide structure, we can insert some other medium or optimize the topology of the junction area [29] to achieve a T-splitter with nearly a 100% wave transmission, which should be a good topic to be considered in the future.
Conclusions
In summary, we have numerically performed the topology optimization of elastic wave filters by optimizing a cavity in 2D PnCs made by perforating holes in the elastic matrix. For the incident SH or P waves, we have investigated the effects of the target frequency of the guided wave modes and the distance between the cavity and the waveguide on the optimizations. By changing the position of the optimized cavity, we have shown how its location affects significantly the transmission property of the wave filter. Some typical wave responses at the resonant frequencies are analyzed to understand the corresponding transmission property. Furthermore, by utilizing the symmetry of the optimized cavity mode, we have further presented the applications of the optimized cavity in the multi-wavelength filters, raising filters and T-splitters, respectively. The conclusions from this investigation can be drawn as follows:
(1) We can obtain a simple ultra-high-Q filter by only optimizing the defect cavity instead of involving the coupling medium. For the given guided wave frequencies, the optimized filters can maintain the device performance in terms of the Q factor and the filtering efficiency simultaneously. The symmetry of the cavity, the distance between the cavity and the waveguide and the cavity mode symmetry mainly influence the device performance. Compared with SH waves, the optimized filters for P waves are more sensitively affected by the location of the cavity. When applying the symmetrical optimized cavity in other types of the devices, it is possible to keep large Q factors (or high wave transmissions) and guide the elastic wave along different waveguides. (2) Most high-Q filters have the Fano resonances near the resonant frequencies. For the filter design, the topology optimization will inherently take out the exact coupling efficiency from the complex wave scattering. This proposes a robust way to discover more Fano resonances in PnC devices.
Indeed, other symmetries will generate different symmetrical resonant modes, resulting in the possibility to obtain an accidental degeneracy of the frequency. Therefore, in the future work, we will consider different defect types and symmetries of the cavity to design the add/drop wave filters. Without considering the uncertain structural parameters, the presented filters based on the coupled resonance will be sensitive to some specific local sizes. Because both local vibrations of the based structures and cavity are beneficial to localize the dropping wave energy, the local geometrical features related to possible manufacturing errors can remarkably affect the filtering efficiency and Q factor of the PnC devices. Therefore, it is necessary to develop and apply more robust topology optimization strategies by considering the geometric uncertainties [30, 42] to design highly insensitive PnC devices. Evidently, we have shown that the topology optimization is well suited for the design of PnC devices by setting a simple objective function. In principle, it is ready to extend our present work to other types of PnC or PxC based devices. We can modify the objective function and then design a slow waveguide or high-Q cavity with a small mode volume in PnCs, a strong acousto-optic coupling cavity or waveguide in PxCs, etc. These challenging topics should be investigated in the future. In a nutshell, topology optimization offers many possibilities to design novel promising acoustic and elastic wave devices. . Transmission spectra of a T-splitter for three waveguides with (solid line) or without (dashed line) the optimized cavity in Fig. 3b . The insets show the vibration response of the peak transmission (upper) and the structure without cavity (lower).
